Abstract: Control charts are considered as powerful tools in detecting any shift in a process. Usually, the Shewhart control chart is used when data follows the symmetrical property of a normal distribution. In practice, the data from the industry may follow a non-symmetrical distribution or an unknown distribution. The average run length (ARL) is a significant measure to assess the performance of the control chart. The ARL may mislead when the statistic is computed from an asymmetric distribution. To handle this issue, in this paper, an ARL-unbiased hybrid exponentially weighted moving average proportion (HEWMA-p) chart is proposed for monitoring the process variance for a non-normal distribution or an unknown distribution. The efficiency of the proposed chart is compared with the existing chart in terms of ARLs. The proposed chart is more efficient than the existing chart in terms of ARLs. A real example is given for the illustration of the proposed chart in the industry.
Introduction
The aim of quality refers to the quality of those product characteristics that will appeal to potential customers. It takes into account what it would cost to produce the product and what the customers are willing to pay for the product. It can be thought of as the perspective for accomplishing manufactured quality. Once the manufacturing process has started, the process does not always produce a unit in conformity with what was proposed. This may be due to causes of defects arising in materials, parts, subassemblies, assemblies, and in the final product. Due to defective or nonconforming resources, parts, assemblies, and finished products that are discarded or reworked during the manufacturing process result in increased cost and customer dissatisfaction. The waste of time and effort in manufacturing the defective or nonconforming product, the delays in delivery, and other associated costs attributable to a poorly manufactured product are the consequence of manufactured quality. If a company wishes to produce higher quality products, it usually needs higher costs for manufactured products. However, the aim should always be to offer customers good quality at a low cost. Therefore, quality is also part of the corporate approach. Understanding quality concepts leads to correct implementation and management of product quality, which adds benefits to the entire production endeavor. If an industry understands and applies quality control principles in their manufactured products, it will produce well finished products, and reduction of the costs of the products may be possible. moving average proportion (enhanced HEWMA-p) chart. The structure of the proposed chart will be presented and its efficacy will be compared with [14] .
Design of the Enhanced HEWMA-p Chart
In this section, we will present some equations taken from [14] and present the operational procedure of the proposed control chart.
Let a random sample of size n be drawn from process X whose distribution is unknown with a variance σ 2 to practitioners. Yang et al. [14] suggested to select an even sample size n for convenience. Assuming that these samples are independently distributed with known variance, let
Then,
Define
where
Therefore, when the process is in control, V is distributed as a binomial with parameters 0.5n and p v0 , where the value of p v0 depends on the distribution of X i . Let us define p v0 = P(Y * j > σ 2 ). The null hypothesis is that the process is in control state at p v0 . The alternative hypothesis is that the process has been shifted at p v1 . According to [14] , the statistic of V t /0.5n has the mean of p v0 and the variance of p v0 (1 − p v0 )/0.5n.
We define the following two EWMA statistics:
where λ 1 ∈ [0, 1] and λ 2 ∈ [0, 1] are smoothing constants, and HEW MA p t is the statistic of enhanced HEWMA-p at t. The proposed control chart is stated as follows:
Step 1: Select a random sample of size n(X 1 , . . . , X n ) from the process at time t. Compute V t using (3) and HEW MA p t using (5).
Step 2: The process is declared to be as out-of-control if HEW MA p t ≥ UCL or HEW MA p t ≤ LCL and to be in-control if LCL < HEW MA p t < UCL, here LCL and UCL show the lower control limit and upper control limit.
The proposed control chart is the extension of the chart proposed by [14] . The proposed chart reduces to [14] chart when λ 1 = λ 2 = λ or λ 1 = 1 or λ 2 = 1. The proposed chart becomes the Shewhart chart when λ 1 = 1 and λ 2 = 1. It is assumed that the starting value of HEW MA p t is the mean of p v0 , i.e., HEW MA p t = p v0 for an in control process. By following [45] , the mean and variance of statistic HEW MA p t is given by E HEW MA p t = p v0 (6) and
Thus, the asymptotic variance of HEW MA p t is given as
As suggested by [14] "the new variance chart may be constructed based on the distribution of the monitoring statistic V t /0.5n, which is an asymmetric distribution having similar defects to those of the corresponding Shewhart p chart". Therefore, monitoring the process variance is the same as the monitoring process proportion p v0 , as the proportion p v0 of statistic V t /0.5n may not be same. The control limits of the proposed control chart are given as
where k 1 > k 2 are control limit coefficients.
The Average Run Length of Enhanced HEWMA-p Control Chart
The proposed enhanced hybrid exponential weighted moving average proportion (enhanced HEWMA-p) control chart performance measure can be used as the average run length (ARL). In this paper, we have limited our study to non-normal distributions with finite variance. The control limits of the enhanced HEWMA-p control chart are determined by setting the in-control ARL (ARL v0 ) to be a specified value, usually 370. The ARL represents the expected number of samples until a control chart signals. The proposed control chart comprises of two control coefficients, k 1 and k 2 , which are obtained by considering the desired in-control ARL. Once the coefficients k 1 and k 2 are determined, the control limits of the enhanced HEWMA-p control chart are obtained and the out-of-control ARLs (ARL v1 ) can be obtained according to various values of shift in proportion, p v1 = c p v0 , c = 1, and 0 < p v1 ≤ 1. We use the following Monte Carlo simulation procedure to compute control coefficients k 1 and k 2 , and to calculate the out-of-control ARL (ARL v1 ) under a specified n, p v0 , λ 1 , λ 2 and ARL v0 values.
Step 1. Setting specified values of n, p v0 , λ 1 , λ 2 , and ARL v0 .
Step 2. Evaluation of proposed control chart coefficients k 1 and k 2 for in-control process 2.1. Generate 10,000 possible values of control chart coefficients k 1 and k 2 . 2.2. When the process is in-control, from a binomial distribution with the in-control parameters 0.5n and p v0 . a random sample of size 2000 is generated, i.e., V t ∼ binomial(0.5n, p v0 ) at time t. 2.3. The enhanced HEWMA-p statistic HEWMA-p is computed for each subgroup of size 2000. 2.4. The proposed statistic HEWMA-p is plotted and in-control if LCL ≤ HEW MA p ≤ UCL; go to step 2.5 and the run length for out of control process is noted. 2.5. Repeat 10,000 times steps 2.2 through 2.3, to compute run lengths. If the average of these run lengths (ARLs) is equal to the specified ARL v0 note the corresponding values of k 1 and k 2 , and move to step 3, otherwise select other possible values of k 1 and k 2 , and repeat the procedure from steps 2.2.
Step 3 Evaluation of ARL v1 for proposed control chart when the process is shifted 3.1. Let the out-of-control proportion, p v1 , be a proportion of the in-control proportion, p v0 . That is, p v1 = c p v0 , c = 1, and 0 < p v1 ≤ 1, where c is the amount of shift in the process proportion, p v0 . 3.2. From binomial distribution, with the in-control parameters, 0.5n and p v1 , a random sample of size 2000 is generated, i.e., V t ∼ binomial (0.5n, p v1 ) at time t. 3.3. The Enhanced HEWMA-p Statistic HEWMA-p is Computed for Each Subgroup of Size 2000. 3.4. Using the Values of k 1 and k 2 , the proposed statistic HEWMA-p is plotted and in-control if LCL < HEW MA p t < UCL; go to step 3.5 and the run length for out of control process is noted. 3.5. Repeat 10,000 times steps 3.2 through 3.3, to compute run lengths. The average of run length (ARL v1 ) and standard error of run length (SERL v1 ) for each specified amount of shift is computed.
In Table 1 , we present control chart coefficients k 1 and k 2 , and corresponding upper and lower control limits of the enhanced HEWMA-p control chart for n = 8 (1) 30, p v0 = 0.1, λ 1 = 0.2, and λ 2 = 0.2 with ARL v0 ≈ 370. Table 2 presents ARL v1 and SERL v1 values (in second row corresponding to each n value) for p v1 = 0.025 (0.025) 0.200 at n = 8 (1) 30, p v0 = 0.1, λ 1 = 0.2, and λ 2 = 0.2 with ARL v0 ≈ 370. In Table 3 , we present control chart coefficients k 1 and k 2 , and corresponding upper and lower control limits of the enhanced HEWMA-p control chart for n = 8 (1) 30, p v0 = 0.3, λ 1 = 0.2, and λ 2 = 0.2 with ARL v0 ≈ 370. Table 4 presents ARL v1 and SERL v1 values (in second row corresponding to each n value) for p v1 = 0.200 (0.025) 0.400 at n = 8 (1) 30, p v0 = 0.3, λ 1 = 0.2, and λ 2 = 0.2 with ARL v0 ≈ 370.
From Tables 2 and 4 we observe the following trend in ARL v1
1. If n is increased, there is a decrease in ARL v1 and SERL v1 values, as we expected. For example, for 0.5n = 4 and p v1 = 0.05 from Table 2 we have ARL v1 = 107.03 and SERL v1 = 0.8830, whereas if 0.5n = 15, we have ARL v1 = 18.12 and SERL v1 = 0.0921. We also observed a similar trend from Table 4 . 2. The ARL v1 and SERL v1 values decrease when p v1 is far away from p v0 . 3. The ARL v1 and SERL v1 values decrease more rapidly as c increases rather than it decreases. For example, for 0.5n = 4 and p v1 = 0.05 (c = 0.5) from Table 2 we have ARL v1 = 107.03 and SERL v1 = 0.8830, whereas if p v1 = 0.15 (c = 1.5), we have ARL v1 = 47.74 and SERL v1 = 0.4055. We also observed a similar trend from Table 4 .
The R codes for this study are given in the Appendix A. 
Comparative Study
Now, we discuss the performance of the proposed control chart with the existing control charts proposed by [4, 14] for λ = 0.2. The proposed chart reduces to [14] chart when λ 1 = λ 2 = λ = 0.2 (for example). We present the values of ARL v1 for the proposed control chart as well as control charts given by [4, 14] in Table 5 when in-control ARL v0 ≈ 370.
From Table 5 , we observe that the proposed control chart has smaller values of ARL v1 as compared to the existing two control charts. For example, when 0.5n = 6, λ 1 = λ 2 = λ = 0.2, p v0 = 0.3, p v1 = 0.4 the proposed control chart gives ARL v1 is 27.30, the ARL v1 from the two existing control charts are 31.36 and 34.20, respectively. Thus, the proposed control chart performs better than the existing control charts. Table 5 ARL v1 s comparison between the chart proposed by [4, 14] for λ = 0.2 and enhanced HEWMA-p control chart for λ 1 = 0.2, λ 2 = 0.2. Figure 1 depicts the ARL v1 profile comparison at p v0 = 0.1 and p v1 = 0.2 for different values of n under HEWMA-p chart and two existing charts. From Figure 1 , we noticed that ARL v1 values of enhanced HEWMA-p control chart are smaller than in the two existing control charts. Hence, our proposed enhanced HEWMA-p control chart performed well as compared with existing charts. From Table 5 , we observe that the proposed control chart has smaller values of ARLv1 as compared to the existing two control charts. For example, when 0.5n = 6, 1 = 2 = = 0.2, pv0 = 0.3, pv1 = 0.4 the proposed control chart gives ARLv1 is 27.30, the ARLv1 from the two existing control charts are 31.36 and 34.20, respectively. Thus, the proposed control chart performs better than the existing control charts. Table 5 . ARLv1s comparison between the chart proposed by [4] and [14] for = 0.2 and enhanced HEWMA-p control chart for 1 
Example
In this section, we present an example given by [14] . The service time of a bank branch in Taiwan is used to illustrate the application of the proposed enhanced HEWMA-p control chart to monitor the variability of service time. According to [14] "From the historical data, the in-control data of service times (unit: minutes) is a non-normal/unknown distribution with variance 27.805. Reference [14] illustrated that the resulting in-control probability that the service time is larger than the in-control variance is 0 = ( * > 27.805) = 0. 
In this section, we present an example given by [14] . The service time of a bank branch in Taiwan is used to illustrate the application of the proposed enhanced HEWMA-p control chart to monitor the variability of service time. According to [14] "From the historical data, the in-control data of service times (unit: minutes) is a non-normal/unknown distribution with variance 27.805. Reference [14] illustrated that the resulting in-control probability that the service time is larger than the in-control variance is p v0 = P(Y * j > 27.805) = 0.31". To construct the enhanced HEWMA-p control chart, we also use the same value of p v0 . The upper and lower control limits of the enhanced HEWMA-p control chart with λ 1 = 0.2, λ 2 = 0.2 when in-control ARL v0 ≈ 370 are UCL = 0.4454 and LCL = 0.1963.
Ten new samples of size 10 each from new automatic service system of the bank branch under study were considered [14] and listed in Table 6 . To illustrate the out-of-control detection ability, for each sample in Table 6 , the statistic, V t and the monitoring statistic HEW MA p t = λ 1 EW MA p t + (1 − λ 1 ) HEW MA p t−1 where EW MA p t = λ 2 V t /0.5n + (1 − λ 2 )EW MA p t−1 at time t, t = 1, 2, . . . , 10, were computed. The corresponding enhanced HEWMA-p control chart detected out-of-control variance signals from the third sample onward (samples 3-10 on the enhanced HEWMA-p control chart) (Figure 2) . By comparing Figure 2 with the chart in [14] , it can be seen that the existing chart indicated a shift at the 4th sample. Therefore, the proposed chart was more efficient in detecting a shift in the process as compared to existing chart of Yang and Arnold [14] . The same performance was also shown by the results in Tables 2 and 4 . For this study, we can conclude that the proposed chart shows better performance than the existing two charts. Ten new samples of size 10 each from new automatic service system of the bank branch under study were considered [14] and listed in Table 6 . To illustrate the out-of-control detection ability, for each sample in Table 6 , the statistic, Vt and the monitoring statistic
at time t, t = 1, 2,…, 10, were computed. The corresponding enhanced HEWMA-p control chart detected out-of-control variance signals from the third sample onward (samples 3-10 on the enhanced HEWMA-p control chart) (Figure 2) . By comparing Figure 2 with the chart in [14] , it can be seen that the existing chart indicated a shift at the 4 th sample. Therefore, the proposed chart was more efficient in detecting a shift in the process as compared to existing chart of Yang and Arnold [14] . The same performance was also shown by the results in Tables 2 and 4 . For this study, we can conclude that the proposed chart shows better performance than the existing two charts.
Concluding Remarks
In this paper, an enhanced hybrid EWMA-p chart is proposed for monitoring the process variance. A simulation procedure is presented for calculating its average run lengths (ARLs). Some tables are presented for practical use. The simulation study supports that the proposed chart is more efficient in detecting a shift in the process. A real example is presented for illustration purposes. The proposed control chart can be used in the industry for the monitoring of processes when the distribution is unknown in practice. The limitation of the proposed chart is that it can be used for only a fixed sample size. The variable sample size enhanced hybrid EWMA-p chart will be considered as our future research. In addition, the proposed control chart for a variable sample size can be considered as future research. The proposed chart using autocorrelation can be considered as future research.
Nomenclature:
ARL: Average run length 
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